Algebra of events

1. Algebra of events

Q.1.1 What do you mean by an event? What is an elementary event?
Answer: An event is a subset of the sample space. An event F is said to
occur on a particular trial of the experiment if the outcome observed is
an element of the set F. Consider the experiment of flipping two coins.
The sample space, Q@ = {(H,H),(H,T),(T,H),(T,T)}. Let X be the
event of getting atleast one head. Then X = {(H,H),(H,T),(T,H)}.
Every sample point in the sample space denotes an elementary event.
Thus, Y = {(H,T)} is an elementary event.

Q.1.2 What is the sample space for measuring the life-time of a bulb?
Answer: The life of a bulb can continue indefinitely. Thus, the sample
space, {2 = [0, 00), where a semi-closed set [a,b) = {z:a <z < b}

Q.1.3 Construct the sample space of three-child family that describes
the genders of the children with respect to birth order.
Answer: We assume that there are two outcomes at every birth: boy
(b) and girl (g). Fig. 1.1 shows a tree structure for a three-child family.
Sample space, 2 = {bbb, bbg, bgb, bgg, gbb, gbg, ggb, ggg}.

Q.1.4 Consider the experiment of tossing three coins.

i. Write the sample space.

ii. Find the event of getting exactly one head.

iii. Find the event of getting no head.

Answer: i. Sample space, S ={HHH,HHT,HTH,HTT,THH, THT,
TTH,TTT}, where H stands for event of occurring head, and T' stands
for event of occurring tail

ii. The event of getting exactly one head = {HTT,THT,TTH}

ili. The event of getting no head = {TTT}

Q.1.5 What is the sample space of tossing a coin until one gets an head?
Answer: One might get an head using 1 toss, and the event is £} = {H }.
One might get an head using 2 tosses, and the event is Ey = {T'H}.
One might get an head using 3 tosses, and the event is F3 = {TTH}.
Let E; be the event of getting head using ¢ tosses.

Thus, the sample space = |J;o, E; = {H,TH,TTH,...}.
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Figure 1.1: Tree diagram of a three-child family

Q.1.6 Let A and B be events in the same sample space. Then
AU(ANB)=A.

Answer: Let € be the sample space.

AU(ANB)=(ANQ)U(ANB) = AN (22U B) [Distributive law, Q.1.7]
=ANN=A

Q.1.7 Consider the events A, B and C in the same sample space. Then
AN(BUC)=(ANB)U(ANQO).

Answer: This is a distributive law. We shall give a prooof of it.

Let € AN(BUC).

Thenz € Aandzx € BUC =x € Aand (zr€ Borz e ()

Case 1: x € B

Thenz € Aandr € B=>x € ANB=xc(ANB)U(ANC)

Case 2: z € C

Thenz € Aandz e C=2x€c ANC=z€(ANB)U(ANC)

Thus, z€ AN(BUC)=ze€ (ANB)U(ANCQC)

Then AN(BUC)C (ANB)U(ANC) (1.1)
Let x € (ANB)U(ANCQC).

Thenx €e ANBorxze ANC

Casei: x € ANB

Thenz € Aandr € B=zxcAandz e BUC =2 AN(BUC)
Caseii: x€ ANC

Thenz€e Aander e C=zrx€cAandz € BUC=xz€ An(BUC)
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Thenz € (ANB)U(ANC)=ze€ AN(BUCQC)

Thus, (ANB)U(ANC)CAN(BUC) (1.2)
From (1.1) and (1.2), we get (ANB)U(ANC)=AN(BUCQC).

Note: Another distributive law: AU(BNC) = (AUB)N(AuUC(C), for
events A, B, C in the sample space.

Q.1.8 Let A; = [0,1— 3], fori=1,2,....
Find (J;2, 4; and ;2 4;.
Answer: (J72; A; =[0,1) and ()2, A; = {0}.

Q19If A, C A, 1 C---C Ay show that

U?:l Az = Al and m?:l Az = An

Answer: We prove the result | J;; A; = A; using induction on n.
For n = 1, the result is true, by default.

Let the result be true for n = k.

Then, Ule Al = A1

We shall show that the result is true for n = k£ + 1.

Then Ufjll A = Ule AiJ Ag+1 = A1 J A1 [Induction hypothesis]
=A; [Given condition]

Thus, the induction step follows.

Now, we shall prove the result (;_; A; = A, using induction on n.
For n = 1, the result is true, by default.

Let the result be true for n = k.

Then, mle Az = Ak

We shall show that the result is true for n = k£ + 1.

Then (¥ A; = N, 4iN Ar1 = Ax N Agyy [Induction hypothesis]
=Aj+1 [Given condition]

Thus, the induction step follows.

Q.1.10 What is a trial? Give an example.

Answer: Consider an experiment, which is being repeated under iden-
tical conditions, does not give unique result. But the result is one of
the several possible outcomes. The experiment, repeated each time, is
known as a trial and the outcome is known as a case or sample point or
an elementary event. When we roll a die, an outcome is one of the faces
numbered as 1, 2, ..., 6.

Q.1.11 Explain the following terms: exhaustive events, mutually exclu-
sive events, equally likely events, independent events.
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2. Combinatorial analysis

Q2.1 If Ay, As, ..., A are k disjoint sets, then

n(Ay UAyU---UAg) = n(Ar) + n(A2) + -+ + n(Ax), where n(X) is
number of sample points (elements) in event (set) X.

Answer: We shall prove the result using the method of induction on k.
Let k= 2.

Event A; U Ay can occur only by occurring either event Ay or event Ao,
since A1 N Ay = ¢.

Thus, n(A; U A2) = The number of sample points in Ay U As

= The number of elements in A; + The number of elements in As

= n(Al) + n(AQ)

So, the result is true for k = 2.

Let the result be true for 2 < k < p. We want to show that the result is
true for k =p+ 1.

’I’L(AlUAQU"'UAerl) :n((AluAQU"'UAp)UAerl)

Note that events A; U Ay U---U A, and A, are disjoint.

Then n(A; UAs U---UApiq)

=n(A1 UAyU---UAp) +n(Ap+1) [by induction hypothesis]

=n(A1) +n(A2) +--- +n(4,) + n(Ap+1) [by induction hypothesis]
Then, the result is true for £ = p+1, and thus, the induction step follows.
Using the method of induction, the result is true for all k = 2,3,4,...

Q.Q.QProvethatZ(JI\ff) <n]\—/jk;>:<Nj;M>

k=0
for integers N, M, n > 0.

Answer: [Method 1]

(L) VM = (14a)V . (14a)M = ( ZN: ( > >1‘k ) ( % < " )xl )

k=0 =0

Then, (1+x)N+M:ii( ]Z ) ( ]‘f )xk’-i-l

k=0 1=0
We are interested in collecting the coefficients of ™ from both sides for

those terms for which k + [ = n.

n = k n—k )5
n=0 n=0 k=0
The result follows.
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[Method 2] Consider a set of (N 4+ M) elements. We divide it into two
parts: one with N elements and other with M elements. If we wish to
select n elements, then we first choose k elements from the first part
(k < n) and the remaining (n — k) elements from the second part. For

each k, there are precisely ( JZ > < nj\f 1 > possibilities. Summing
over all values of k, we obtain an expression for < N —; M )

Q.2.3 State and prove Pascal’s identity.

Answer: Pascals’s identity states that ( Z > = ( Z:i )+< " ; 1 >,
for any positive integers k and n.

[Method 1]

n n—1 n—1
Whenk>n,< A ) =0= ( k1 )—i—( I >
Thus, the result is true.

Now we assume that £ < n.

n—1 n—1 n—1)! n—1)!
( k—1 ) * < k > - (k—(l)!(n)—k)! + k!(sz—kzm

n— n n! n
= (-1 [k!(nk—k)! + k!(n—kk)!} = (-1 [k!(n—k)!} = Hn—k) — ( k >
[Method 2]

ek )=("5) e (5) (%)
k(7)) <oma (1) (7).

The proof of the above result is give below for 0 < k& < n.
Let {ai,aqa,...,a,} be the set of elements under consideration. There
are two types of k-subsets: subsets that contain a,, and subsets that do

not contain a,,.
Case 1: When a k-subset does not contain a,,, then the k-subset is formed

from {aj,as9,...,a,—1}. The number of such subsets is < n—1 )

k

Case 2: When a k-subset contains a,, then k — 1 elements are selected
-1

from {a1,as,...,an—1}. The number of such subsets is Z 1)

Adding the k-subsets of Case 1 and Case 2, we get the total number of
k-subsets. The result follows.

Q.2.4 State binomial theorem. Prove it.
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n

Answer: Binomial theorem states that (z + y)™ = Z ( Z ) ahyn=k,
k=0
forn=1,2,3,... (2.1)
[Method 1]
Forn=1,LHS =z +y.
_ (1 0,,1-0
RHS = ( 0 )az Y + 1
The theorem holds for n = 1. Assume that the theorem holds for n — 1.
We need to show that the theorem holds for n.

n—1
Gy =@y =@y ( ot )ky -1k

'y~ =y + 2 = LHS

k=0
Dn—1 iy |
_ - k+1, n—1-k - k, n—k
= Z;) i ) vy + kzo ( k ) vy

k= =
Let i = k 4+ 1 for the first sum and 7 = k for the second sum.

o £ () B (7 e

=1

B[ (7 e

=" + Z < ) > Lyt 4 y" [Pascal’s identity, Q.2.3]

[Method 2]

In the expansion of (x1 +y1)(z2+y2) ... (Tn + yn), each term contains n
of x; and y;, i = 1,2,...,n. There are 2" such terms. When n = 2, we
have (z1 + y1)(@2 + y2) = 2191 + T1y2 + T2y1 + T2y2.

When 1 =29 =--- =z, =z and y; = y2 = --- = y, = y, how many
of the 2" terms in the sum will have k of the z’s and (n — k) of the y’s
as factors? The form of such term is z¥y”~* and the number of such

terms is equal to the number of choices of finding k x’s out of possible n

. n
x’s, i.e., .
T

Thus, (x—i—y)”zz ( Z ) xhyn=k,

k=0
Q.2.5 How many integers between 1 and 300 (inclusive) are
i. divisible by at least one of 3, 5, 77
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3. Probability models

Q.3.1 What is a probability model?

Answer: A probability model consists of a nonempty set called the sam-
ple space S; a collection of events that are subsets of S; and a probability
measure P having the following properties:

i. P(A) € [0,1], where event A is defined on the sample space S.

ii. P(S)=1.

iii. P is countably additive. Let Aj, Ao,... be a finite or countable se-
quence of disjoint events.
ThenP(AlLJAQU):P(A1)+P(A2)+ (31)

(i) - (iii) are called axioms of probability.

Q.3.2 Show that P(()) = 0, where ) is null set.

Answer: Let Fq, Fo, E3,... be the sequence of events such that S = Fq,
and Fy = E3 = --- = (), where S is the sample space, events are mutually
exclusive, and |J;2, E; = S.

Using axiom (iii), we have

P(S) = P(El) —|—P(E2) +P(E3) + o= P(S) —|—P(E2) +P(E3) —+ ...
= P(S)=P(S)+PO)+P®) +...

= P(0) =0, where ) € S, and P(#) > 0 [ Axiom (i) |

Q.3.3 Let E be an event defined on sample space S. Show that P(E€) =
1 — P(E), where E€ is the complement event of E.

Answer: 1 = P(S) [ Axiom (ii) ]

= 1=P(EUE®) [S=EUE"]

= 1= P(E) + P(E°) | Axiom (iii) |

= P(E°)=1- P(FE)

Q.3.4 Show that P(FE) < P(F),if ECF.

Answer: F = EU(ENF), since ECF

Note that events £ and E N F are mutually exclusive.

Using Axiom (iii), P(F) = P(E)+ P(E°NF) (3.2)
Using Axiom (i), P(E‘NF) > 0.

From (3.2), P(F) > P(E).

Q.3.5 What is relative frequency? Give an example.
Answer: Consider an experiment that is performed n times. Each per-
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formance is called a trial (see Q.1.10). Let an event E occur in ng trials.
Then the ratio “Z is called the relative frequency of E in the n trials,
and denoted by f(E,n) = =E.

An unbiased coin is tossed 100 times, and tail (7") appears 52 times.
Then the relative frequency of T is 52/100 = 0.52.

When n is a large number, P(E) ~ f(E,n).

Q.3.6 State and prove the formula of probability for union of events.
Answer: Formula of probability of union of events is stated as follows:

Let there be n events E1, Es, ..., E, on the sample space.
Then P(E1 UEQU-"UEn) = ZZP(El) *ZZ(]-P(EZ'QE]')
+2icjern P(EiNE;NEg) — -+ (-1)"'P(Ey N Ey N --- N Ey).

Proof: We shall prove it using the method of induction on n. Let n = 2.
Then P(E; U Es) = P[(E1 N ES) U (EfN E2) U (E1 N Ey)]

Events B4 N ES, EY N Ey and Fq N Ey are mutually exclusive.

Thus, P(E) U Ey) = P(E1 N ES) + P(E{N Ey) + P(Ey N Ey), (3.3)
P(El) = P{(El N Eg) U (El N ES)]

= P(E1 N E3) + P(E1 N ES) [Q.3.1, Axiom (iii)]

Then P(E1 N Eg) = P(El) — P(El N EQ)

Similarly, P(E{ N Ey) = P(E2) — P(E1 N Es)

From (3.3), we have the following.

P(E1UE2) = P(El) —P(El ﬂE2)+P(E2) —P(ElﬁEQ) +P(E1mE2)
So, P(El U Ez) = P(El) + P(EQ) — P(El N EQ)

Thus, the result is true for n = 2. This forms the basis of induction
principle.

We assume that the result is true for n < k. We shall show that the
result is true for n =k + 1.

P(EyUEyU---UELUEi11) = P[(E1UEyU---UEg) U Ej4]

= P(El UEQU“'UEk) —I—P(Ek+1) —P[(E1UE2U-~UE]€)QE]€+1]
[Induction hypothesis|

= ZZP(EZ) _Zi<jP(EiUEj) +Zi<j<kP(Ei ﬂEj ﬂEk) — ...
+(=1)""P(Ey N EyN---NE,) + P(Egyq) — T, (3.4)
where, T'= P[(E1NEy41)U(E2NEg11)U- - -U(ErN Eg41)] [Distributive
law]

T:ZiP(EiﬂEk—i-l)_Zi<jP(EimEjﬂEk+1)+~- (35)
using induction hypothesis

Using (3.4) and (3.5), we conclude that the induction step follows. Using
basis of induction priciple and induction step, the result follows.

Q.3.7 Discuss classical (apriori) concept of probability. State the lim-
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itations of the concept.

Answer: Assume that a trial in an experiment results in one of n ex-
haustive, mutually exclusive and equally likely cases, and m of them are
favourable to the happening of an event E.

Then P(E) _ Number of favourable cases __ m

" Number of exhaustive cases n

There are limitations of the above definition.
i. Outcomes of a trial may not be equally likely.
ii. The number of exhaustive cases in a trial may be infinite.

Q.3.8 Elaborate the emperical (statistical) concept of probability.
Answer: Consider an experiment, where the trials are repeated under es-
sentially homogeneous and identical conditions. Then the limiting value
of the ratio of the number of times an event happens to the number of
trials, when the number of trials become indefinitely large, is called the
probability of the the event.

Refer to the concept of relative frequency [Q.3.5]. Let E be an event
that occurs m times in n trials. Let f(E,n) be the relative frequency of
event E in n trials. Then emperical probability of E is defined as

P(E) = limy00 f(E,n) = limp 0o (2).

Q.3.9 Let F1, Es,..., E, be n events on the same sample space. Prove
that P (UL, Ei) < 3500, P(E;).

Answer: We shall prove it using the method of induction on n.

When n =2, P(FEy U Ey) = P(Ey1) + P(E2) — P(E1 N Ey) [Q.3.6]

Using Axiom (i), P(F1 N E3) > 0 [Q.3.1]

Then, P(El U EQ) < P(El) + P(EQ)

We assume that the result is true for n = k. We shall prove that the
result is true for n =k + 1.

P(EYUE U ---UE,UEk11) = P[(E1UEyU---UEg) U Ej4]

= P(El UE2U~--UEk) +P(Ek+1) —P[(E1UE2U---UEk)ﬂEk+1]
[Q.3.6]

<%  P(E))+ P(Epy1) — P[(E1UEyU---UEy) N Ejyq] [by induction
hypothesis]

< S M P(E;) [Axiom (i), Q.3.1]

Q.3.10 Three unbiased coins are flipped. Find the probability that first
and third coins show the same face.
Answer: Number of elementry events in the sample space is 23.
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